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Abstract 

Orey suggested the definition of some index for Gaussian processes with stationary incre- 
ments which determines various properties of the sample paths of this process. We give an 
extension of the definition of the Orey index for a second order stochastic processes which 
, may not have stationary increments and estimate the Orey index for Gaussian process from 

■ discrete observations of its sample paths. 
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rn ■ 1 Introduction 

00 , 

OO , The fractional Brownian motion (fBm) is a popular model in financial mathematics, economics 

OA ' and natural sciences. As is well known the fBm is the only continuous Gaussian process 

which is selfsimilar with stationary increments and depending on index < H < 1. Moreover, 
, a fBm with Hurst index H is Holder up to order H. 

fT^ ' For a real mean zero Gaussian process with stationary increments, Orey suggested the 

following definition of index. 



o 

(N 



and 



Definition 1 (see [10] , [8]) Let X be a real-valued mean zero Gaussian stochastic process 
with stationary increments and continuous in quadratic mean. Let ax be the incremental 
variance of X given by ax (h) — 'E[X{t + h) — X{t)]^ for t,h ^ 0. Define 

P,~mi{p>0: lim-^ = o| =limsupi^^^^ (1) 
L hio ax{h) J h4,o In'i 

^* - sup 1/3 > : lim = +oo\ = hm inf i^i^^M . (2) 

L hj-o ax(h) > hio Ink 

If — [3* then X has the Orey index j3x ■ 

If Gaussian process with stationary increments has Orey index then almost all sample paths 
satisfy a Holder condition of order 7 for each 7 G (0,/3x) (see Section 9.4 of Cramer and 
Leadbetter [5]). For fBm with the Hurst index Q < H < 1 the Orey index Px = H. So we 
have a class of Gaussian processes with stationary increments depending on Orey index fix ■ 

Recently there haves been two extensions of fBm which preserve many properties of fBm, 
but have no stationary increments except for particular parameter values. One of them is a 
so called sub-fractional Brownian motion (sfBm) and another one is a bifractional Brownian 
motion (bifBm). Thus it is very natural to extend the definition of the Orey index for Gaussian 
processes such that there was a possibility to consider processes which may not have stationary 
increments and are Holder up to the Orey index. 
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We shall give such extension of the Orey index. As it will be proved, processes sfBm and 
bifBm satisfy this extended definition of the Orey index and they are Holder up to the Orey 
index. Moreover, for fBm, sfBm, and bifBm, the Orey index coincides with their self-similarity 
parameter. Therefore it is enough to construct and consider the asymptotic behavior of an 
estimate of the Orey index instead of estimating parameters of each of the processes under 
consideration. 

Many authors have already considered the asymptotic behavior of the first- and second- 
order quadratic variations of Gaussian processes. The conditions in these papers were ex- 
pressed in terms of covariance of a Gaussian process and depended on some parameter 7 G 
(0, 2). If a Gaussian process has the Orey index then conditions on a covariance function may 
expressed by means of it. As it will be shown below, the Orey index can be obtained for 
some well-known Gaussian processes. Moreover, if we wanted to consider stochastic differen- 
tial equations (SDE) driven by processes with a bounded p-variation, we should know when 
the Riemann-Stieltjes (RS) integral is defined. For Gaussian processes the Orey index helps 
to obtain these conditions. 

The purpose of this paper is to give an extension of the definition of the Orey index for a 
second order stochastic processes which may not have stationary increments and to estimate 
the Orey index for Gaussian process from discrete observations of its sample paths. 

Norvaisa [5] extends the definition of the Orey index for a second order stochastic processes 
which may not have stationary increments. He showed that sfBm and bifBm satisfies this 
extended definition of the Orey index. In this paper we shall give a different extension of the 
definition of the Orey index. This new definition will be more convenient for our purposes. 

The paper is organized in the following way. Section 2 contains the definition of the Orey 
index for the second order stochastic process. The conditions when the second order stochastic 
process has the Orey index are also given. For some well-known Gaussian processes which do 
not have stationary increments the Orey index is obtained. Section 3 contains the results on 
an almost sure asymptotic behavior of the second-order quadratic variations of a Gaussian 
process. Here we also verify obtained conditions for the same well-known Gaussian processes. 



2 Orey index for the second order stochastic pro- 
cesses 

Let X = {X{t) : t G [0, T]} be a second order stochastic process with the incremental variance 
function defined on [0, Tf := [0, T] x [0, T] with values 

al(s,t)~E[X{t)~X(s)f, {s,t)e[0,Tf. 

Denote by a class of continuous functions (p: (0, T] — >■ [0, 00) such that limh_|,o 'pih) = 
and limh_|_o[/i • L^{h)] = 0, where L{h) = ip{h)/h 00, h ^ 0. For example, we can take 
<p{h) = h-\lnh\°' or ip(h) = /i^"", where a > 0, < /? < 1/3. Set 



7, :=inf <^ 7 > 0: lim sup -. — = ^, (3) 

I ''40.^(h)^s^T-h crx(s,s + /i) J 

7, := inf (7 > : lim —^^—rz = o| (4) 

L hio ax(0, h) ) 



and 



7*:=sup<7>0: hm inf -. = +C)0 ^, (5) 

y hio ^(h)^s!iT~h ax{s,s + h) J 

7* := sup 7 > : lim — — = +00 \ , (6) 

L hio ax (0, h) I ^ ' 

where iy5 G Note that ^ 7* ^ 7, ^ -|-cx3 and ^ 7* 5S 7* ^ +00. 
We give the following extension of the Orey index. 

Definition 2 Let X = {X(t): t G [0,T]} be a second order stochastic process with the 
incremental variance function ax such that supQ<g<;j,_,j (Jx(s, s + h) ^ as h 0. If 
7* = 7* = 7* = 7* for any function ip £ 'i' , then we say that the process X has the Orey index 
7Jf = 7. = 7* = 7* = 7* • 
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Remark 3 From our definition of the Orey index we get the definition of the Orey index for a 
real-valued mean zero Gaussian stochastic process with stationary increments and continuous 
in quadratic mean. 



Let us introduce notions 

7, ~ lim sup sup 

7* := liminf inf 

h\-0 tp{h)^s^T-h 



lnax{s, s + h) 
InTi 

lnax{s, s + h) 
InT^ 



and 7^ := lim sup 

hlO 



In ax{0, h) 



and 7 * := lim inf 

h-lO 



Inh 

lno-x(0, h) 
InTi 



(7) 
(8) 



We have that 7, = 7^ 7* =7*- It follows from Remark|3]and ([T]) and ((2]). Now we compare 
quantities 7* and 7* with 7* and 7*, respectively, for a second order stochastic process X. 

Lemma 4 Let X = {X{t): t £ [0,r]} be a second order stochastic process with the incre- 
mental variance function ax such that 



sup ax (s, s -\- h) 

ip(h)^s^T-h 

//O < 7* ^7* < +00, then 7* = 7*, 7, = 7, . 







as h 0. 



(9) 



Proof. The proof of the lemma repeats the outlines of the proof of limits of the logarithmic 
ratios (see Annex A. 4 in [11]). For completeness we give this proof in Appendix. ■ 

Assume that for some 7 £ (0, 1) the second order stochastic process X satisfies conditions: 

(CI) ax{0,5) = 0{S"'), as Si 0; 

(C2) there exist a constant k > such that 



A(5) :— sup sup 



ax{t,t-\-h) 



- 1 



as ^ i 



for every function y G ^t. 
For {s,t) G [0,r]^ set 



\s,t) := 



'^xis,t) 



(10) 



It follows from (CI) and (C2) that for any <p e 'i' 



sup ax{s,s-\-h)^ sup ax{s,s- 



- h) + sup a (s,s + /i) 



a|(0,<5) + «:'ft'^( 



<4 sup 

iiO{Mh)f-') + K^h^-' [A\h) + 2A{h) + 1] 



sup |c 



''{s,s + h)\ + 

>0 ashiO. (11) 



Thus the process X is continuous in quadratic mean for all s £ [O.T — h]. 

Theorem 5 Assume that for some constant 7 G (0, 1) the second order stochastic process X 
satisfies conditions (CI) and (C2). Then the Orey index is equal to -yx ■ 

Proof. By Lemma [J] it suffice to show that 7* = 7' = -yx and 7, =7* ~ 'yx- 
For simplicity, we shall omit index X for 7. Observe first that condition (CI) implies 
7, =7* ~ "f- Really, 



In ax{0, h) 
]nh 



:7 + 



ln(0(fe^)//t^ 

hiT^ 



as /i 4- 0. 



It remains to prove 7* =7*. By conditions (CI) and (C2) it follows that there exists 
60 such that for S ^ So < 1 inequalities ax{s,s + 5) ^5 1/2 and A{5) < 1/2 holds for all 
^ s ^ T — Sq. Suppose that these inequalities are fulfill in the course of the proof of this 
theorem. 

For {s,t) G [0,r]2 set 



b{s,t) ~ 



ax{s,t) 
K\t - s\i 
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Assume that —1/2 < b{so, sq + Sq) ^ for some fixed sq £ ['fii^o), T — 5o\. Furtliermore, it 
is known that ~2x ^ ln(l — x) ^ —x for ^ a; 1/2. Then by inequality above we get 

lncrx(so,so + So) =ln(K(5^) + ln(l + 6(so,so + So)) = ln(K5o) + ln(l - (-6(so,so + (50))) 
< HkS^) + b{so, So + So) < ln{KS^) + A{5o) 

and 

lnax{so, so + So) ^ln(K5,]) + 2b(so, so + So) = ln(K(5J) - 2[6(so, so + So)\ 
^ln(K5,]) -2A((5o) 

for any (^3 G 5'. 

It is known that | ln(l + x)| ^ a; for x ^ 0. Assume that ^ b{so, sq + So) < 1/2 for some 
fixed So £ [(p{So),T — 5o], then 

lnax(so, So + So) =ln(K(5^) + ln(l + fe(so, so + So)) ^ ln(K;5o) + ^('^o, sq + So) 
^\t,{kSI) + k{So) 

and 

ln(7x(so, so + (5o) =ln(K5(}) + ln(l + 6(so, so + So)) ^ \vl{kS'1) ~ 2j6(so, so + So)\ 
^ln{Kd;',) - 2A(5o) 

for any (p £ "ii. Thus for every s £ [</3(5o), T — (5o] we obtain 

ln{KS^) - 2A(5o) < lncrx(s, s + 5o) < ln(«:(5,]) + A{So). 

Consequently, 

luK A{So) ^ . . lno-x(s, s + 5o) , lnax(s, s + Sq) 

T + M t 1 =S iiif ^ sup — 

In do |lndol •p(So)^s^TSo In do v{io)^es:T-So In do 



In So I In do I 

and both sides of the above inequahty goes to 7 as So — )■ 0. Thus 7, = 7* = 7x • ■ 

2.1 Subfractional Brownian motion 

We shall prove that sfBm satisfies conditions (CI) and (C2). 

Definition 6 ([l]) j4 sub-fractional Brownian motion with tndex H , H £ (0, 1), is a mean 
zero Gaussian stochastic process = {St,t^ 0) with covariance function 

GH(s,t):=s +t --[(s + t) +\s-t\ \. 

The incremental variance function of sfBm is of the following form 

4«(s, t) = E\S" - S"f = \t- sf" + (s + t)''" - 2'"-\t^" + s^"). (12) 

Since for any ^ s ^ t ^ T inequalities (see 1 ) 

(t-s)^" ^alH(s,t)^(2-2^"-''){t-s)^", if 0<H<l/2, (13) 
{2~2^"-'){t~s)''" ^al.H{s,t)mt-s)^", if l/2<iy<l (14) 

holds, then condition (CI) is satisfied. 

From incremental variance function (|12p we get 

a"sff (s, s + h) = h^" + fsih), 

where 

/, {h) := (2s + hf'' - 2""-^ [s^" + (s + h)^"] . 

Note that 

/.(0) = /^(0)=0. 
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By Taylor formula we obtain 



Mh) =fsiO) + f'Mh+ r f'J{x){h~x)dx= r f'J{x){h-x)dx 
Jo Jo 



=2H{2H -1) / [{2s + x] 
Jo 

From inequality 

[2 [s + x] - (2s + x) J = 



^{s + x)^^ '^^{h — x)dx. 



{s + xy-^H 

it follows that for s > 



(s + 2;)2-2» 

2~2H-t 



22H-1 _ 


1 S + X \ 




\2s + x) 



2s + X 



(s + x)2 



■2-^1 



|/.(MK(2^^-1) 



(. + .)2-2^ ^^"^2^2 ^ 



and 



sup sup 



<^Ih{s, s + h) 



\fs{h)\ 

sup sup 

<p((5)s;ssCT-4 0<h!S(5 I 

o2iI-l r2-2fl" 



^ sup 



for every G ^P, where = ip{h)/h. So we get condition (C2) with n — 1. 

Remark 7 /n condition (C2) t/ie function ifiiS) we could not change by 5 or 0. Really, let 
H > 1/2. Then 

sup sup \h^'^^ fs{h)\ ^ sup sup \h^'^^ fs{h)\ 



= 2//(2H ^ 1) ^^SUp_^ ^SUp^ j^^ [ ^2U^,^,y^2U - ,2.(2, + ,)2-2. J - x) dx 

fh r,2H-l 



^ 2_ff(2// - 1) sup sup 



- 1 



/l2H(2s+a;)2-2ff 



(/i — x) dx 



> i?(2_H" - 1) sup sup 



\2-2H 



s^s^iT-s o^h^s {2s + hy 

g2-2H 



H(2H ~1){2'^"'^ -I) sup 



= H{2H - 1)(2^^"^ - 1)3^-^"^ 



2.2 Bifractional Brownian motion 

Definition 8 ( [7|) j4 bifractional Brownian motion B^*^ = {Bf^^,t ^ 0) with parameters 
H G (0, 1) and K G (0, 1] is a centered Gaussian process with covariance function 



D /J- ^ n-K f/,2H I 2H^K i, \2HK\ 
RHK{t,S) =2 [{t +S ) -|t-s| j 



^ 0. 



The incremental variance function of bifBm is of the following form 

2 / .\ -ti^\idH,K r,H.K<2 nl-K ri , i2HK f,2H , 2H\Kl , ,2HK , 2HK 

agH.K(s,t) =E\B^ ' — ■ I = 2 I F — s| — (t +s ) \+t +s 



Let H e (0, 1) and K G (0, 1]. Then 

2 \t - s\ ^ agH.K(s,t) ^2 \t - s\ 

for all s,t £ [0, oo) (see 0). Thus condition (CI) holds. 
Since 

alH,Kis,s + h)^2^-''ih'"'' -fs{h)) 



(15) 
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with 

fs(h)~[s +(s + h) \ -2 [s +(s + h) J, 
then fs (0) — f's (0) = and by Taylor formula we obtain 

c^%hk{s,s + h) 



where 



1 = —h ^^'^ / f'J{x){h — x)dx, 



^HlK-2..,2(2H-l) 



f'Jix) =AK[K - 1)H' [s'" +{s + xr"]''-\s + 

+ 2HK{2H - 1) [s^^ + (s + xf"] "-\s + xf"'^ 
- 2'^HK{2HK - + xf"'^-^. 



Note that for ff > 1/2 

\2(2J?-1) 



[s2H + (s + xyHf-K 

Thus for s > 



(s + , \znt^—z ^ { , \2 

(s + x) ^ (s + a;) 



(s + a;) ■ ' _ ys^ Xj i_ ^ _^\2HK~2 ^ , _\2HK-2 



S2H + (s + a:)2H 



sup ^ 



4 4 

s2-2HK l{ff>l/2} + (-2g2H-)2-A-g2(l-2ff) l{ir<l/2} 

2 2 8 

^ [2s'^^)^~'^ S^~^^ ^ S^-^HK g2-2HK 



and 



sup sup 



'^s„jf + ft) 



2i-x;j2H 

for every ip £ So condition (C2) holds. 



1 



2-2HK 



«S sup < 



2.3 Ornstein-Uhlenbeck process 

The fractional Ornstein-Uhlenbeck (fO-U) process of the first kind is the unique solution of 
the following stochastic differential equation 

Xt=Xo-fi r X,ds + eBf, fsCT, (16) 
Jo 

with fi,6 > 0, where , < J/ < 1, is a fBm. It has explicit solution 

Xt = xoe-'''+e /'e^^^'-^^dSf , 



where the integral exists as a Riemann-Stieltjes integral for all t > (see, e.g., [3]). 
First of all we verify condition (CI). From \i\ we know that 

Jo Jo 
Thus 

Xf ^ 2xg + 26l^(^^'e^"dB^^ ^ 2x1 + AO"" (^e^'^'^B^f + fiH j\^^'''{B^!fdu 

and 

supEXt^ s; 2xo + 46l^e^''^r^^(l + ^i^T^). 

From H16p we get 

a%{0,h)^2^/'E( [ Xtdt] +2e^E(Bl^f ^2fi^h^ supEX^ + 29'^ h^" ^Ch^". 
\Jo J t^h 
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This proves a condition (CI). 

The incremental variance function of X has the following form 

ax{t,t + h) =n^'E\^J Xsdsj -2iie^[[B"{t + h)- B"{t)\ j X^ds 
+ e'^a%H{t,t + h). 
Cauchy-Schwarz inequality yields 

E(^[B"{t + h)- B"{t)] J'^"" Xs ds^ ^ E^/2[B*'(t + h) - B" {t)f J^'^"" EXf 

^ft^+'f sup Ex^y^^. 



Thus for every € ^' 



sup sup 

•p(6)^t-^T-5 0<h^6 



<y%{t,t + h) 



1/2 



^ ^_2^i-H r^i_ff ^2 EXf + 2^6 { sup EXf ) ^^^1 

L t<T ^ f.<T ' J 



as 5 4- 0. Condition (C2) follow from the inequality 



6*2 /l2« 



I crx(t,t + ft) 
^ft» 



+ 1 



\ a\{t,t + K) 



2A Fractional Brownian bridge 

The fractional Brownian bridge is defined in [0, T] by 



Xf = i3f -^+^ 



2T2H 

where B" , < H < 1, is a. fBm in [0, T]. 

Now we verify condition (CI). The incremental variance function of X^ has the following 
form 



{t, t + h) = 



^ fhh) 



where 
Thus 



f?{h) := [{t + hf" -e" -\t + h- T\^" + \t- T|2^] ' 



{t,t + h) ^ ft 



(17) 



So condition (CI) is satisfied. 
Assume H < 1/2. Since 



\{t + hf" -t'"\^h''" and \{T-t-hf" -{T-tf"\^h'' 
then for every ip € ^ 



sup sup 



alH{t,t + h) 



ft2« 



1 = 



ft (ft) ^ rr-2H r2if 
sup sup -TTTTF^ ^ T d 



ft2« 



Assume ^ 1/2. Then /t(0) = and by Taylor formula we obtain 



a%H{t,t + h) 



where 



ft2« 4T'^«h^H 



fUx) = 2H[{t + xf"-' -{T-t- xf"-^] . 
Thus for every € ^' and H ^ 1/2 we get 

C2-2H 



sup sup 



ft2ff 



4r2if 
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3 The convergence of the second order quadratic 
variation of process X along irregular partition 

Let TTn = {0 = to < < • • • < tjv„ = r}, r > 0, be a sequence of partitions of the interval 
[0,T] and [Nn) is an increasing sequence of natural numbers. Such sequence of partitions is 
called irregular. Define 

m„ = max A^t, Pn = min A^t, A^t = t"^ — t^-i- 

Usually in practice observations of the process are available at discrete regular time inter- 
vals. However, it may happen that part of the observations are lost, resulting in observations 
at irregular time intervals. 

Definition 9 A sequence of partitions {■Kn)nei>i is regular if we have rUn — Pn = TN^^ for 
all n or, equivalently, t^ — ^ for all n N and all k € {0, ... , Nn}. 

Definition 10 The second order quadratic variations of Gaussian processes X along the par- 
titions (7r„),igN with Orey index 7 is defined by 

N„-l An ^-(A^^'>"Y^^ 

' > A. (A^t).+l/2(A^^^t)7+l/2[A^t + A^+,t] ' 

where 

AfJ;x^ = A",tX{t",+,) + A^l^X(^^0 - iA-,t + Al+,t)X{tl). 
If the sequence (7r„)„gN is regular then one has 

V^';^{X,2)^{T-'N„r'-' (Ai'U)', A^^lx = X{t",+,)-2X{t",) + X{t",_,). 

fc=i 

To study the almost sure convergence of the second order quadratic variation of X we need 
additional assumptions on the sequence (7r„)„gN. 

Definition 11 (see [5]) Let {£k)k^i be a, sequence of real numbers in the interval (0,oo). We 
say that (7r„)„gN is a sequence of partitions with asymptotic ratios {£k)k^i if it satisfies the 
following assumptions: 

1. There exists c 1 such that m„ ^ cp„ for all n. 



2. lim„^oo sup 



\<k<N„ 



0. 



The set C — {£1; £2', ■ . . £k', . . .} will be called the range of the asymptotic ratios of the 
sequence (7r„)„gN. 

It is clear that if the sequence (7r„)„gpj is regular, then it is a sequence with asymptotic ratios 
£k = l for aU fc > 1. 

Definition 12 (see [2]) The function g : (0,00) — s- R is invariant on C if for all £,£ £ C, 
For example, let £ — {a, a~^} be the set containing two real positive numbers and let 

_ I + x^-'-^ - (1 + xf'-^ 

9W - X^3T7^ • 

The function g is invariant on £. 

Proposition 13 Let X — {X{t) : t £ [0, T]}, T > 0, be a mean zero second order process 
satisfying conditions (CI) and (C2). Let (7rn)ngN be a sequence of partitions with asymptotic 
ratios {£k)k^i and range of the asymptotic ratios jC. If the function g is invariant on C or the 
sequence of functions £n(t) converges uniformly to £{t) on the interval [0,T], where 



8 



then 



lim E\/i^'(X,2) = 2k f g{l(t))dt, 



where 

9W x^^vi • 

Proof. Rewrite the expectation of the increments of the second order irregular variation 
in the foUowing way 

E(A<J;;,"X)^ HKtfal{tl,tl+,) + (A',Vl^)V|(^^l,^^) 

- Alt ■ Al+^t ■ al{tl_^,tl^^ + Alt + Al+,t) 

_r(l) _ j{2) A3) 

where 

■.=[Alt + Al+,t]{Alt[alitl,tl+,)-^{Al+,tf^] 
+ Al+,t[a%{tl_„tl) - ^iAltf]}, 
7f ' :=AL't ■ A^+it - n\Alt + Al+.tf''] , 

7f -.^^lAlt + Al+,t]Alt ■ Al+,t{{Al+,tf^'' + {Altf-<-^ - {Alt + Al+,tf'<~^}. 

Set 

/.^ = Kt + A^+if](ALVit)^+^/^(A^t)^+^/^ and i 

Then 



A" f" 



4^' =^'[A^t + A^+it]A^t . Al+,t[(Al+,tf^-'c\tl,tl+,) + (Altf^-^c^tl.^tl 



=^^^^l[{^lf'^'^c{tl,tl+^) + (C)""''"c^(^^l,^^)], 

if =^V^(Afei)'/'~^(A;:+it)^/^-^(AI?t + AI?+it)^^-^c^(4-i,tS+i) 

and 

=^VI?(^fe)''""^ [1 + {ilf-^ - (1 + ^I?)'""'] , 

where the function c^(s,t) is defined in (|10p . We further observe that 



k = l fc = r„+2 '^fe 



T„ + l A" f TTl-A^^'^V^^ iV„-l 



+ 2k' E (18) 

fc = T„+2 

where r„ = [</7(m,j)A'^„], [a] is an integer part of a real number a, 

4" Hm'^'~^[c\tl,tl+,)+f^~'c'(tl_,,tl)-{l+£lf^-'c\tl.,,tl+,)], 
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Now we estimate the first term of equafity p8l) . Note that 



r„ ^^^^ ^ cL(m„), 2^^+^ ^ ^ 2mV+\ (19) 

Pn 

T„ + l ^ 

Atfe+i ^ <^{m„) — - + m„ ^ 2c(/?(m„). (20) 

Pn 



k = l 

By conditions (CI), (C2), and inequaUties ([19]), pop we get 



8c^V'(m„) 2 ,nx , 32c^(p{m„) 2 ,nN 

^ 2Z max (rx{tk-i,tk) ^ 2^, sup crx(0,tfc) 

p„' l!Sfc^T„+2 l^fcs;T„+2 

32c^(p(nin) /n/'/+"\27\ 32c^vj(m„) ^27s 
12^^ ^i<™r^+2^^ ''^ ^ " ^^2^ ^0(((cL(m„) + 2)m„) ) 



s; 32c=^(/'(m„) 0((ci(m„) + 2)'^ 



as m„ 4- 0. From the properties of function tp we obtain that the right hand side of the above 
inequahty tends to zero as m„ ^ 0. 

Next, since [ip{m„)Nn] + 1 ^ ip{m„), for the second term of equality p8[) we get 



2k' J2 K+^t-ji 

fc = T„+2 



fc = T„+2 



+ 2«^^^^m^^^^_Jc^(^^l,^^0| E A^+if.(C)'/'-^(i + C)'^-' 



fc=T„+2 

s;2«:2r sup sup |c2(t,t + /i)| max [(^fc)''"'"^ + (^fc)^"'/'] 

+ 2k:'T sup sup |c'(t,t + 2/i)| max [(^fc)'^'"^(l + C)'^"'] 

s; 2K'T[A\m,,) + 2A(m„)] ^ max [(C)'/""^ + {ikV^^] 
+ 2^T[A\2m„) + 2A(2mn)] max [(«)''""^(1 + ^fc)'"'"'] 
4«^rc[A2(m„) + 2A(m„)] + 2K^r(l + c)c[A^(2m„) + 2A(2m„)] . 



Thus the second term of equality p8|) tends to zero as n — >■ 00. 

It still remains to investigate asymptotic behavior of the third term of equality (|18p . If the 
function g is invariant on C, then 



2k' E K+^t-jj^^ ^2^ E 



fc = T„ + l fc = T„ + l 



(^n)7-r/2 



=2K'g{£)T - 2Kg{e) ^ A^+it — ^ 2k' g{£)T as n ^ 00 

for all ^ € £ by the inequality (|20p . If the sequence of functions ^n(t) converges uniformly to 
£{t) on the interval [0,T], then 

2k' E K+it-jf^^2K' g{Ut))dt-Y,K+it-f^^ 

fc = T-„ + l fc = l 



2 



2k^ / g(£(t))dt 
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Ak+it ■ jf sC 2(1 + c)c-^^ifi{mn) — ^ asn^oo. 



Thus 



EVSi\X,2) ^2k' r g{£{t))dt 
Jo 



as n — > oo. 



Corollary 14 Let (7r„)„gN be a sequence of regular partitions of the interval [0, T], T > 0, and 
let X = {X{t) : t £ [0, T]}, T > 0, be a mean zero second order process satisfying conditions 
(CI) and (C2). Then 

ET4-^j(X, 2) — y k{A - 2^^)r as n ^ oo. 

Proof. For regular subdivision ^fe = 1. Thus g{X) = 2 — 2^^^^ and the statement of the 
corollary follows immediately from Proposition 1131 ■ 

Now we give a little more general version of the statement of Corollary 1141 

Proposition 15 Let (7r„)„gN be a sequence of regular partitions of the interval [0,r], T > 
0. Assume that condition (CI) is fulfilled for some constant 7 £ (0, 1) and there exists a 
continuous bounded function go : (0, T) — R such that 



lim sup 



1^{Xt+h — 2Xt + Xt-h) 



h^'f 



-9o{t) 



= 0. 



(21) 



Then 



El4'j(X,2) 



/ 9o{t) 
Jo 



dt as n ^ 00. 



Proof. Note that 



E\/^2j(X,2)- r go{t) 
Jo 



dt 



1-27 



r 



E(<W_ fkT^ 



go 



T ^kT^ 



(22) 



where t„ = [tp{TN„ ^)A'"„]. By condition (CI) we get 



max a^(^^l,^^)<2 sup {0,t",) = 0{{TN-\t,, + 1)^) = 0{MTN-')f~') . 



l^fe^-r„ + l 

Thus 



|-)""EE(A!a^)^ <Hi:y''^i^) ..J^t.y^'"^-^''"^^ 



-27 



27 



and the first term in inequality (|22p tends to zero as n oo. 
Assumption H21I) yields 



max 

T„+l^fc^JV„-l 



y27Ar-27 30^ N„) 



< sup 

¥j(TJV~l)^t^T-TJV~l 



E(X, 



t+TN„ 



- 2Xt + X^_^^-i) 



{TN- 



9o{t) 



as n — >■ 00. 
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The third term of the right hand side of (|22p also converges towards as n — > oo as a 
consequence of classical results for Riemann sums and inequality 



/V 



(kTx 



T 

< sup \go{t)\ip[ — 



Theorem 16 Assume that conditions of Provosition USl are satisfied and the partition n„ is 
such that pn o(ln~"^n). Moreover assume that X is a Gaussian process with the Orey 

index 7 and 



E Mf.'"KCpr^^ (23) 

it C and every 
n^fJ,;XA.fJ;X), l^j,k^n. Then 



for some constant C and every sequence of partitions (7r„) of the interval [0, T], where d^^^" 



rT 

Vjf^ {X, 2) — y 2k I h{£{t)) dt a.s. as n^oo. 
Jo 

Proof. The proof is standard. We give it for completeness in Appendix. One can found it, 
i.e., in [2J. 

Corollary 17 Let (7r„)„gM be a sequence of regular partitions of the interval [0,r], T > 0. 
Assume that X is a Gaussian process satisfying conditions (CI) and (C2) and having the Orey 
index 7. Moreover, assume that 

rp \ 2+27 



max V |d(2)"| (24) 



for some constant C, and every sequence of partitions (71,1) of the interval [0, T], where d^.^' 



E(Ai']xAi'ix), 1< j, fc ^ iV„ - 1. Th 



en 



l4J (X, 2) — ^ K (4 - 2^^)T' a.s. as n -> 00. 
Proof. For regular partition 7r„ condition (|23p transforms to (|24l) . 

Theorem 18 Assume that conditions of Provosition \TE\ are satisfied. Moreover, assume that 
inequality \24]j holds, then 

rT 

V^l{X,2) — > / go{t)dt a.s. as n ^ 00. 
Jo 

Proof. The proof of the theorem evidently follows from Proposition [15] and arguments used 
to prove Theorem 1161 

Remark 19 Let X be a sfBm and let H 7^ 1/2. Then in assumption (|21|) the function v?(/i) 
we could not change by h or 0. Observe that following equality 

E(Xt+,, - 2Xt + Xt-hf =(4 - 2'^")h^" - 2^"-\t + hf" - 3 • 2^"t'^" 

- 2^"'^ it - hf" + 2{2t + hf" + 2{2t - hf" 

holds. Set 

\t{h) ~ E{Xt+h - 2Xt + Xt-hf - (4 - 2^")h'" 
and note that At(0) = X't(0) = A"(0) = \f\o) = 0. The Taylor formula yields 

Xt{h) = >(a;) dx, V /i ^ t ^ T - ft, 

Jo 3! 

where 

A**' {x) =Ch (2 [(2t + xf""'* + {2t - xf"-'] - 2'"-' [{t + xf"-^ + {t~ xf"-^] ) , 
Ch =2H{2H - 1){2H - 2){2H - 3). 
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Note that 



sup 



E(Xt+h — 2Xt + Xt-h) 



^ sup 

h^t^T-h 



(h - ^(4) 



- (4 - 2' 



After a change of variable y — 



ah-\-hx 



with certain constants a and h, we obtain equality 



h-^" [\h^xf\^^\x)dx=2-i''"CH r^\\l + yr'"-'dy + 2CH - y)-''"-^dy 

Jo Jo Jo 



+ &^"Ch / y^{l + y)~'^"~^dy + 2^"-'^H-^CH. 
Jo 

All these integrals are finite and don't depend on h. Thus 

,- ^{Xt+h - 2Xt + Xt-hY 2Hn ^ r, 

lim sup (4-2 ) > 0. 

For this reason the condition (c) of Theorem 1 in Begyn 13] is not satisfied for a sfBm X 
with H ^ 1/2. In the case under consideration condition (c) has the form 



lim sup 

h^0+ h<t<T-h 



{Slo5'^R)it,t)_^^_^,„^ 



h^" 



= 0, 



where R{s,t) is a covariance function of a sfBm and 

{5i o S'iR) it, t) :=4i?(f , t) + 2R{t -h,t + h)- 4R{t + h,t) 

- AR{t - h,t) + R{t + h,t + h) + R{t ~ h,t - h) 

=E[Xt+h — 2Xt + Xt~h) ■ 

On the other hand, assumption II21\I is satisfied for sfBm. Really, from inequality 



sup 

ip{h)^t^T-h 



E[Xt+h ~ 2Xt + X t-h) _ _ 2^^^ 



h^H 



^ h sup 



sup \\^f\x)\ I {h-xfdx 



^ \Ch\ 



sup 



+ 



w^t^T-HKm^-^" {2t-h) 

2 2 



{2ip(h)Y--^H {2^{h) - hy-'^H 

+ 2^" 



+ 



+ 

2^ 



4-2H ' f4,-2H 
2H-1 



+ 



[t ~ h)*-^H 



+ 



ifihy--^" {ip{h) - hy--^" 

^ ^ 4-2H r,2H-l 



{2L{h) - 1)4-2^ 



^{h) 



we obtain the required assertion. 



3.1 Bifractional Brownian motion 

We shall prove that the conditions of Theorem [16] are satisfied for bifBm. The bifBm satisfies 
conditions (CI) and (C2). So it suffices to verify the inequality (|23p . 

Repeating outlines of the proof of Theorem 4 of Begyn [2j the study of the asymptotic 
properties of the d'^'" we divide into three steps, according, to the value of fc — j. 

U j = k then (fl5)) yields 



n r,HK\21 



41^" ^2[{A'^trE(Ak+iB"''r + {A",+,tyEiA",B 

^22-^[(AI?t)2|ffe+i-tfc|2^^ + (A„,,+it)^|ffe-f,_i|2^^'] 



(25) 
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By using the Cauchy-Schwarz inequality we get 

|^(2)nj ^ e1/^|(A(,2,';B^^)|' ■ e1/2 1(A(^^);B^^)|' ^ (26) 
for 1 ^ k — j ^ 2 and 

^(2)n ^^3-K^2+2HK for 1 ^ j ^ iV„ _ 1, (27) 
^(2)n ^23-^^2+2HK for 1 ^ ^ 7V„ - 1. (28) 

Now consider the case \j — fc| ^ 3. By symmetry of dj^'" one can take j — k ^ 3. Note 
that for j ^ 1 and fc 7^ 1 equality 

dfk" ^ [ du [ dv [ dw [ dx [ dy [ ^ ^"'^ (w, 2) dz 



holds. The fourth order mixed partial derivative of the covariance function RHK{s,t) is of the 
following form 

O^Rhk 2HK{2H -1){2HK -2){2HK -3) 

K{K - 1){K - 2)(K - 3){2H) 



4 



-1^,-11 ^JK^^ ^^K-^^ ^JK^-^-^J I ,\iH-2/ 2H , ,2H\K-A 
+ ^If (S +i ) 

+ K{K-l)(2Iif(2H-l) _ ^ _ 1)] {stf"-\s'" + t^") 

for each s, t > such that s^t. Since 2s"t-^ < s^-^ + 1^-^ and if - 2 < 0, - 4 < it follows 
that 

t ,\2H-2f 2H , ,2H\K-2 ,„K-2/ ,\KH-2 
(at) [S + t ) <2 (st) 

[st) [S + t ) ^2 [st) 

Thus 



2H-2/ 2H . ,2H\K-2 



s,t) 



ds^dt^ 



Ci ^ C2 



j5_^|2(2-M) (si)2 



and 



M'fc"! ^ I ^ du I ^ dv I dw I ' dx I dy I — dz 



Ch_ 



=:^;^'+^;^', (29) 
where constants Ci and C2 depends on H and K. Inequality 

Iw - 2| ^ - tk+l = ^ A„,it ^ (j - k - 2)pn 

i=fe + 2 



on the integration set imply 



^ TZ2<2-.K. ' (30) 



" (i - - 2)^(^-HK)pl(^-HK) {j-k- 2)2(2-«^f) 

where c is a constant defined in Definition [11] Moreover, 



n-l 



X] ( j _ _ 2)2(2-ffA') ^ X/ j2{2-KH) < (31) 
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Now we estimate I"^ . By modifying the computations above we similarly find that 



^^C2c \/\.^_^^ . (32) 



Note that 



JV„-1 



J2 Ti — X-KH < Yl -3^W < °°- (33) 
The inequality (|23|l follows from inequalities (|29l) 



3.2 Subfractional Brownian motion 

We recall that conditions (CI) and (C2) are satisfied for sfBm. So the statement of Theorem 
I16l is satisfied if inequality (|23p holds. To prove this, we apply similar arguments as for bifBm. 
If j = fe or 1 ^ fc - j < 2 then ^ and JTHl yields 

,(2)n , „ 2+2H 

The same inequality holds for d^j'", 1 ^ j ^ N„ — 1 and d^^^", 1 ^ fc ^ N„ — 1. 

The fourth order mixed partial derivative of the covariance function GH{s,t) is of the 
following form 



d*G 



ds'^dt 



" {s,t) = -H{2H - 1){2H - 2){2H - 3) 



1 1 

+ ■ 



for each s,t>Q such that s / t. Note that (s + t)2{2-«^) ^ |s - if s / t. 

Thus 

O'^Gh , , 2H(2H - 1)(2H ~2)(2H -3) 

;{s,t) < 



and 



Id' 



(2)n| 



|s„tj2(2-ff) 



' " (i - fc - 2)2(2-«)p^(^-^' " (j - - 2)2(2-«) 

for j - fc 5; 3, 2 < fc < iV„ - 1, where Cj/ = 2H{2H - 1)(2H - 2){2H - 3), c is a constant 
defined in Definition 1111 Thus 



Ei(2)n 6 2+2H 

d t ^4C_r/C p„ max > 



(j - - 2)2(2--ff) 



^4CHC«pr-f:^<Cpr- (34) 
=1 •' 



for some constant C and inequality (|23p holds 



3.3 Ornstein-Uhlenbeck process 

First we show the following lemma. 

Lemma 20 Let X be the solution of equation fl6[) . Then 

\v^lHx,2)~e^v}l\B",2)\ = oipi-^ 

for every e > 0. 
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Proof. It is evident that 



After simple calculations we get the estimate 



sup \Xs - Xk\ 4:^.{Al^-^t)s\ip\Xt\+9 sup (B" - B" 



m„ sup \Xt\+ 9Lj. 



where LS'^ ^ is defined in subsection 12.31 Thus 



A^t / {Xs~Xk)ds~ Al+^t {Xs~Xt,)ds 



2m^ / {Xs ~ XkY ds + 2mt / (X, - XkY ds 
^ 2m^ ( sup {Xs - Xfc)^ + sup {Xk - Xs) 



4+2H-2e / 2 2-2fl"+2e 



and 



, o 4+2H-2e / 2 



supX( + 9 (Lj,' 



A2)n jjH 



Kt / {Xs - Xk) ds - A„,fc+it / ' {Xs- Xk) ds ) a(^_^;b^ 



< 2m„ 



2+H-el l~H+£ 



sup |Xt| + 6L^'^ ^ ] ■ 2m„L^ 



H m„ 



sup \Xt\+9L J, 



Ijrp 



Thus for every e > 

It/(2)/v r.^ zi2i/(2)/dH r,\\ 2+2H 2 — 2e: / 2 2-2H+2e: ^2 , ozi2 / r ^^•^f-E^2^ r 

. 2+2H l-2e / 1-H+e I \^ I , a r -W.-W-eA rH,H-Em 

+ 4c m,j ( sup |At] + t^Lj, ) ' ^ 
=0{ml-^^) 



1 1 



,,n ^ o„2H+2 ■ 

This implies the statement of the lemma. ■ 

As in previous cases it is enough to verify condition (|23p of Theorem [16] for fBm B^ . The 
following inequality 



ds^dt'^ 



{s,t) 



H\{2H - 1)(2_H' - 2)(2_H' - 3)[ 

\s-t\2(.2-H) 



holds for the covariance function FH{s,t) of B^ . Applying similar arguments as for sfBm we 
obtain 



max y td'^)"! sSCp^ 



i=i 



From Lemma [20] and inequality above we get the statement of Theorem 1161 



16 



3.4 Fractional Brownian bridge 

The fractional Brownian bridge is defined in [0, T] by 

,2H , rp2H I, rTi\2H 

- iit «T , 

where B" is a fBm in [0,r]. Denote g{t,T) = t^H ^j,2h _ |^ _ y|2j/ r^j^^^ 

EXf Xf =EB"Bf - {2T^"y^ g{t,T)EBT B^ - {2T^"y^ g{s,T)EBT B^ 
+ {2T''")-^g{s,T)g{t,T)E{B?f 
=EBfB^ - {2T^")-'g{s,T)g{t,T) + {AT^")'^ g{s,T)g{t,T) 
=EBfB^ - {4:T^'')''g{s,T)g{t,T). 

If J = fc or 1 ^ fc — j ^ 2 then application of inequality (|17p yields 
The same inequality holds for d^jf" , 1 ^ j ^ Nn — 1 and cij^^'", 1 ^ fe Ai'„ — 1. 



Further 

d'g{s,T)g{t,T) 



^4H^{2H - if Ustf"-^ + [t{T - s)]"-^"" + [s{T - t)]'-^"' 



+ [(r-t)(T-s)]'^-']. 

Similarly as for bifBm we estimate dj^'". Assume that \j — k\ ^ 3. By symmetry of d^fj" 
can take j ~ k ^ 3. We first note that 

2+4H 



4m° 6 P 



Assume k ^ Nn — 1 and j 7^ 1 or j 7^ 7V„ — 1 and fc 7^ 1. Then 



[™(T - z) 



h — I du I dv I dw I dx I dy j j^^jj^ ..\y2-2H '^^ 



Pn 






-1 




da; / 








4m« 



f^l+i yt+i yt y 1 

-^3 := / du I dv I dw / dx J dy f \t2-2H '^^ 



[z{T-w)] 



\{T-w){T~z)Y 



/4 ~ I du I dv I dw I dx dy — dz 



4m® r 



~pl-'"it-+,-t-,^^r-'" {j-ky-^H 

Thus we obtain 

JV„-1 

max \^ Id'?'" I ^ Cpi^ 
l<fc<]V„-l ^ ' J*- ' ^ 



and get the statement of Theorem 1161 
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4 On the estimation of Orey index for irregular par- 
tition 

Let (7r„)„^i be a sequence of partitions of [0, T] such that = tg < t" < ■ ■ ■ < = T for 

all n ^ 1. Assume that we have two sequences of partitions (7rj(„))„^i and (7rj(n))n^i of [0, T] 
such that 7ri(„) C 'Tj(n) vTn, i{n) < j{n) ^ m(n), for all n G N, where iTi(n) = {0 — to < 
t7w < th) < ■ ■ ■< = T} and = {0 = < t,",!, < < ■ • ■ < t]^„^ = T}. Set 

Moreover, assume that Pj(n) 7^ and mi(,j) ^ cpn„), for all i(n), n ^ 1, c ^ 1. Note that 

Pi{n) ^ Pi(n)- 

Let X be a Gaussian process with Orey index 7 G (0, 1). Set 

where 

Denote 

i(n)-l 

V;f„',(X,2)= X] (Al^,':X)^ and = (Afr(.))^+'/'(Ar(.)t)^+^/^[Ar(.)t + Ar(.+i)t]. 
Define 

'^'^ 2 21n(p,(„)/m,(„)) V^^^J^{X,2) ' 

Theorem 21 ^ssttme t/iat conditions of Proposition [13] are satisfied for two sequences of 
partitions (7ri(„))„^i and {iTj(^n))n^i of[0,T] with the properties mentioned above. Then 

j-T 

V;Jf(„) {X, 2) — ^ 2k J h{£{t)) dt a.s. as n ^ 00 (35) 

for k{n) = j(n) or A:(n) = j{n). If sequences of partitions {TVi(„)} and {T^j{n)}, iin) < j{n), 
are regular or such that Pj(n)/Pi{n) — >■ as n — > 00, then 

^ a.s. 
7n > 7- 

Proof. Proposition 1131 vields the limit (|35p . It is evident that 

1 ^ At^tfc) ^ 1 



Ml' ' 2p^^+i 



and 



Further 



^" = - ^ + 21nfeJ,/m,„,) ((2^ + ^) lnfe(„M(„)) + In 



m^7tV.''' (X,2) 

»(n) j(n)V ' ' 



21n(p,(„)/m,(„)) p2^+V/('j)(X,2) 

.7 + I ,^ySIi1^ 

2 ln(p,.(„) /m,(„) ) V P.'^'nY ^^(n) 2) ^ <l, 2) 

^7 + ^ ^ySU^ 

21nfe(„)/m,(„)) (X,2) 
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lll(Pj(n)Mi(„)) < 



21n(p,(„)/m,(„)) Vp^7+V/(^„',(X,2) / V;'f('„, (X, 2) 
In the same way we get 

D^7-tV.<'\ (X,2) 



7n 



21n(P3(„)/mi(„)) 



(27 + 1) ln(mj(„)/pi(„)) + In 



y ' 21n(pj(„)/m,(„)) ^2t'+i^^(2)^(j^^2) 



^ _^ 1 ^ ln(mj(„)/pi(„)) _^ 



In 



1\ ln(mj(„)/pi(„)) --ln(pj(„)/mi(„)) 1 (X, 2) 

=7 + 7 + - I ; — ; ^ h — — : ; r In ■ 



+ 



2 J 
1 



In 



ln(pj(„)/m,(„)) ' 21n(p^(„)/mi(„)) vif,'^, (X, 2) 



21n(p,(„)/m,(„)) Vm^^^„Yv;fj)(X,2)/ Fif/„) (X, 2) 



^ , 1 \ ln(mj(„)/p,(„)) - ln(pj(„)/m,(„)) _^ 1 ^'^jC..) (-^' 2) 

ln(pj(„)/m,{„)) 21n(p,(„)/m,(„)) vi^'^, (X, 2) ' 



(37) 



and 



21n(p,(„)/m,(„)) Vm^^^+V/('j)(X,2)/ (X, 2) 



_^ l\ ln(mj(„)/p,(„)) - ln(pj(„)/m,(„)) ^ ^ 
27 ln(pj-(„)/mi(„)) 



If sequences of partitions {iTun)} and {'Tj(n)}, Hn) < j{n), are regular then the second term 
in the inequality (|37p is equal to and 



I7" - 7I < 



1 



21n(mi(„)/pj(„)) 



In 



Under conditions of the theorem in the regular case of partitions the statement of the theorem 
hold. In an irregular case of partitions we obtain inequalities 



7" - 7 
and 

|7"-7K 



1 



In 



21n(Pj(„)M(„)) V^fl^(X,2) 



^. ^ 1\ ln(mj(„)/pj(„)) + ln(mi(„)/pi(„)) 

2/ Mm-i(u)/Pj(n)) 



<l,(^,2) 



7 -7- 



In 



In 



21n(Pj(„)/mi(„)) K*f' (X,2) 2 ln(pj(„)/m,(„)) vifL (X, 2) 



^3 ln(m.,(„)/pj(„)) + ln(m^(„)/pi(„)) ^ 1 

'"2 ln(mi(„)/pj(„)) 21n(mj(„)/pj(„)) 



<l,(^,2) 



In 



<l)(^,2) 



For irregular case of partitions {tt^j^)} and {tt^j^j}, i{n) < j{n), the second term in above 
inequality goes to as ln(pi(„)/p_,(,i)) — > 00, n — > oo. Thus the statement of the theorem holds. 



5 Appendix 

5.1 Proof of Lemma H] 

Assume, without lost of generality, that < h < 1. We first prove that 7* ^7*, where 
\nax{s,s + h) .^^ J „ h'' 



7* :— limsup sup 

hiO ip{h)^s^T-h 



Inh 



7. 



7 > : Um sup -r- 



= 
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Let 7 > 7*. It suffices to show that 7^7,. By definition of the greatest lower bound, there 
exists a real number a such that 7 > a > 7*, and 

sup — — > as 4. 0. 

v{/i)^s^T-h (^x{s, s + h) 

But 

sup -T- = h? " sup p- — > as ft 4, (38) 

tp(h)^a^T-h 0-x(s, S + h) ,p(h)^s^T-h (^x(s, S + h) 

as the product of two functions tending to 0. Under the statement 

sup ox(s, s + h) — 7- as /i 4- (39) 

ip{h)^s^T-h 

and relation (|38|) there exists an ho such that for all ft ^ feo < 1 

ft^ ft^ 
sup —rr = 7 — TT < 1 and sup ax{s,s + ft) < 1. 



Moreover, 



ft"*" < inf ax(s,s + h) 

v(h)^s!iT-h 



for all ft ^ fto < 1. So 

In ft"' < In I inf ax (s, s + ft) ) ^ In I sup ax{s,s + h)] 



and 

In (sup CTx(s,s + ft)) lnax(s,s + ft) 
'>> = '^^P 

inAl ip{h)^siiT-h ill" 

^ ,. luCTjf (s, S + ft) _ 

^ lim sup sup — = 7, . 

hlO ^{h)^3^T-h In ft 

Thus 7* < 7* . 

Next we prove that 7, 7, . Let 7 > a > 7, . It suffices to show that 7^7*. Under the 
condition q > 7, and statement (|39|) there exists fto such that for ft ^ fto < 1 

. \naxis,s + ft) r , u\ ^ 1 

mf ; — ; < a, sup crx(s, s + ft) < 1. 

v(h)^si:T-h In ft o<s<T-/i 



This implies the inequality 

In ( inf ax(s,s + h)] > Inft" 

\u>(h)<s<T~h ) 



and 

inf ax(s, s + h) > h" . 

Thus 

ft" 

— 7 rT\ < 1- 

v{h)^ss;T-h crx(s, s + ft) 

So 

ft^ 

sup — < ft^ ° — !> as ft — >■ 0. 

<p(h)^ss:T-h crx{s, s + ft) 

Therefore 7 5s 7*. 

Now we prove that 7* = 7* , where 

,. . „ . r lnax{s,s + h) , \ v ■ r 
7 :=limmr mf ■ — ; , 7 :=sup<7>0; hm mf rr = ^ 

hiO ^{h)!is^T~h Inft hlO ^(h)^s^T~h ax{s, a ~\- h) 

We first prove 7* ^7*. By definition of greatest upper bound, there exists a real number 7 
such that 7* > 7, and 

lim inf — = +00 (40) 
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It suffices to show that 7* ^ 7. Under the condition 7* > 7 and statements (|39p -(l40 p there 
exists ho such that for h ^ ho < 1 

h'^ 

inf > 1, sup (Jx{s,s + h) <1. 

vW^s^T-h crx{s,s + h) o^ss;T-h 



Moreover, 



/i^ > sup ax{s,s + h)^ inf ax{s,s + h) 



and 

1 J, ^ 1 ■ f ( , u\ ■ r hiaxis,s + h) 
7lnAi>ln mt axis,s + h), mt ^ — ; > J- 

ip(h)^ss;T-h ip(h)!is^T-h In h 

So 7* > 7. 

We show that 7* 7*. Assume that 7* > a > 7. It sufficient to show that 7* > 7. Under 
the condition 7* > a and statement (|39p there exists ho such that for h ^ ho < 1 

mt > a, sup ax(s,s + h)<l. 

^(h)^a^T-h In ft O^s^T-h 

Moreover, 

lnax(s, s + h) 
sup p-r > a 

In ( sup ax{s,s + h)j <lnh°'. 

h" 

sup (Tx(s, s + h) < h" and inf -r- > 1. 

^(h)^s^T-h v(h)^ssiT-h ax(s,s + h) 

Then 

inf — > h"' " — )• 00 

ip{h)^s!iT-h ax(s, s + h) 

and 7* > 7. 

5.2 Proof of Theorem M\ 

Note that Vif.' (X, 2) is the square of the Euchdean norm of (A^„ — l)-dimensional Gaussian 
vector which components are 



and 



Thus 



Denote by (Ai, A]v„-i,n) the eigenvalues of the corresponding covariance matrix 
whereas A* stands for a maximal eigenvalue. There exists one (A'^„ — l)-dimensional Gaussian 
vector Yn, such that its components are independent Gaussian variables N(Q, 1) and 

JV„-1 iV„-l 

j=i j=i 

bmcc EK*'' (X, 2) is a convergent sequence fPropositionll3[l. the sums J]] .^-^ A-,,„ are bounded. 
Moreover, one has 

JV„-1 iv„~i 

J = l J = l 

From result of linear algebra and H23p we may further conclude that 



iv,, -1 



a: ^2 max V J ^""l^:'"' \B{A<^^; X A^'" X) 



<2 max |d*^'"|^Cp„ 
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The Hanson and Wright's inequahty (see [5], [5]) yields that for e > 



P ( I K'? 2) - EV^l^ (X, 2) I ^ e) < 2 exp - min 



where Ci, C2 are nonnegative constants. Therefore, the inequahty (|41|l becomes 
P(|T/i''(X,2) -EV;(;j)(X,2)| >£) =S 2exp('-:^Y V < e < 1, 



(41) 



where 7^ is a positive constant. Set 



2 2C , 
e„ = — p„ In n. 



n 



Then 

P{\V^l\X,2) -EV^l\X,2) \ ^En) s;2exp(^-21n 
Since Iim„^oo £n, ~ and 

J2p{\V^I\x,2)~EVZ\X,2)\ ^ e„) < 00 

n = l 

then Borel-CanteUi lemma gives the statement of the theorem. 
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